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I. ABSTRACT 
This study is concerned with the analytical  solutions of na tura l  
convection flows in closed-end cylindrical  ves se l s  to obtain exact solu- 
t ions of t empera tu re  and velocity distribution in  the laminar  flow region 
under  steady s ta te  condition. 
The  t e m p e r a t u r e  and velocity distributions,  in  genera l  power 
s e r i e s  of displacements,  a r e  substituted into the t h r e e  bas ic  equations 
of continuity, momentum and energy. The  relat ionships  between co- 
efficients of a l l  powers  a r e  obtained through init ial  and boundary condi- 
t ions and r ecu r rence  formulae.  
F o r  constant wall t e m p e r a t u r e  conditions the general  solution 
of t e m p e r a t u r e  and velocity may be expres sed  a s  a function of displace- 
ment ,  geometry  ra t io  and Rayleigh number .  P rand t l  number  does not 
en ter  a s  an  independent pa rame te r .  
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11. INTRODU CTION 
Natural  convection flows in  closed-end cylindrical  ves se l s  o r  
tubes has  been of considerable in t e re s t  in  many prac t ica l  applications 
such a s  the s t ra t i f icat ion problem of a par t ia l ly  fi l led liquid propellant 
cylindrical  tank and cooling problem of turbine blades ~ Theoret ical  
studies a r e  usually based  on three fundamental  equations; namely  con- 
tinuity, momentum, and energy equations. Theoret ical ly  speaking, 
with init ial  and boundary conditions one should be able  to solve f o r  the 
t e m p e r a t u r e  and velocity distributions f r o m  these  equations. Unfortun- 
ately,  no c lose - fo rm t rans ien t  solutions a r e  available up to th i s  date  
except some  numer i ca l  solutions by finite difference method.  Steady 
s ta te  approximate solutions have been obtained by many investigator s2,3,  
mos t ly  through integrated equations of the continuity, momentum, and 
energy  ra ther  than solving f r o m  the differential  equations. In this  
repor t ,  the steady s ta te  solutions a r e  obtained d i rec t ly  f r o m  the differ-  
ential  equations in  the f o r m  of m o r e  exact power s e r i e s  solutions.  An 
interest ing resu l t  f r o m  this report  which differs  f r o m  that  repor ted  in 
the re ferences  (2 ,  3 ) ,  is that  the Prandt l  number  does not enter  as a n  
independent var iable  but ra ther ,  i s  included in the Rayleigh number .  
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Geometr ica l  Configuration: Consider the configuration under  
study fo r  a cylindrical  ves se l  partially fi l led with liquid as shown in 
F igu re  1 .  The side wall t empera ture  i s  kept a s  a constant,  Tw, the 
bottom of the vesse l  i s  insulated, the cold liquid a t  a t empera tu re ,  T I ,  
is  fed through the center  of the bottom. The level of the liquid inside 
the ves se l  is maintained a t  a constant level .  This  m e a n s  that the 
amount  of incoming liquid is completely vaporized on the top sur face .  
Other  c a s e s  will simply change the boundary conditions. 
Z 
F r e e  Liquid t 4' 
V 








- t R  
F igure  1. Cylindrical  Vessel  Par t ia l ly  Fi l led with Liquid 
Differential Equations: T h r e e  differential  equations of contin- 
uity, momentum,  and energy m a y  be writ ten respect ively for  any 
cyl indrical  differential  liquid e lement  a s  a resu l t  of the steady ax isym-  
m e t r i c a l  flow in the following: 
(RU) = 0 - (RV)  t - a a 
a R  a z  





U -  au + V a u  = p f ( T  - Tw) t v [ s  i a  bs)."] az aR az2 
aT a T  [A 2 ( R Z )  + 
R a R  
u- t v- = a  az aR 
U, V - Velocity components of the liquid in  the direct ion of Z 
and R ax is .  
p - The coefficient of the volumetric expansion. 
f - The axial  body force  per  unit m a s s  o r  the gravitational 
f ield.  
v - The kinematic viscosity of the liquid. 
a - The the rma l  diffusivity of the liquid. 
T - The t empera tu re  of the liquid. 
Tw - The  wall surface t empera tu re .  
Boundary Conditions: 
a r e  z e r o  and the t h e r m a l  boundary conditions a r e  specified, the 
boundary conditions a r e  a s  follows: 
Since the velocit ies on the wall sur face  
U(Z, a)  = U(0,  R )  = U ( 1 ,  R )  = V(Z, a )  = V(0,  R) = 0 




1 - The liquid level in  the ves se l .  
a - The inside radius of the vesse l .  
Normal ized  Differential Equations: Let  velocity components,  
t he  t e m p e r a t u r e  of the liquid and the coordinates  of the s y s t e m  be 
no rma l i zed  according to the following dimensionless  quantit ies:  
a 2 a Bfa4 Z R 
u = - u , v = - v ,  t =  (Tw-T) ,  z = -  1' r = - a a1 a a1 v 
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The normal ized  different ia l  equations m a y  be obtained by the 
substi tution of equation (6)  into equations (1 )  through ( 3 )  a s  follows: 
i a  aU 
r a r  a Z  ( r v )  t - = o  
- -  
i a  a’ a2u 
a r  r a r  i 2  a z 2  + v s] = - t  t [ - - (r  2) t - - aU 
a‘ a2t +pzg l a  v - t u -  a t  a t  - - - ( r $ )  - a r  a Z  r a r  
where  Pr i s  the P r a n d t l  number .  
Normalized Boundary Conditions: The  boundary co.nditions, a s  
given by equations (4) and (5) may be  normal ized  s imi l a r ly  into: 
a t  = o  a at  t (z ,  1) = 0 ,  t (0 ,  0 )  = R - - 
where  Ra  = fa3 (Tw - T1) , is the Rayleigh number .  
va 
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IV . POWER SERIES SOLUTIONS 
Power  s e r i e s  solutions of the velocity components and the t e m -  
pe ra tu re  m a y  be a s s u m e d  a s  a function of z and r with a r b i t r a r y  
coefficients.  
formulae  result ing f r o m  satisfying differential  equations and boundary 
conditions. 
All a r b i t r a r y  coefficients may be evaluated by r ecu r rence  
Let  
Substituting equation (12) into continuity equation (7)  
a3 
3 r 2nt  1 -c iLn . ~ n t 3 ]  
4 n t  1 n t 2  
n=O n= 0 
It i s  obvious that u and v satisfy the boundary conditions 
~ ( 0 ,  r ) = u(1, r)  = u(z,  1) = V(O, r )  = o 
T o  sat isfy v (z ,  1) = 0 ,  one relationship between a l l  coefficients 
i s  obtained, namely 
= o  (15) 
n=O 
It is a l so  obvious that t sa t i s f ies  the t h e r m a l  boundary condi- 
t ions a s  given in equations (11) 
at 
a z  z=o 
t ( z ,  1) = 0 ,  -1 =El z= 1 = 0 
T o  sat isfy the condition t(0,O) = 0 ,  this gives 




Recur rence  formulae  : 
F r o m  equations (12) through (14),  
aU 
a r  2 4 4 2 n t 1  
7 35 6 111 z 5 - 3 z 4 t 2 z 3 ) [ x %  r 2nt1 v-= - (4z - - z  t- 
n= 
2nt 'I - 2 an .2d3] [T n a n r  2n-1 -2 ( n t l ) a n r  n t 2  
n=O n= 0 n=O 
a 
2 -- a2 aZu 7 a (12z2 - 152 + 3) k l - r 2 ) x  anr2n] 
n= 0 
1 2  a z 2 =  - P 
By substitutions of above four equations and equation (13) into 
the momentum equation (8) the following equation is obtained: 
1 35 6 z 5 - - z  75 4 t - z  2 3){[(1-r21zanr2n]z - P r ( 4 2 7 - T Z t -  4 4 n= 
a 
= - ($ - yt zz 1) ( 1 - r 2 ) x  b m r Z m  
m=O 
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Multiplying both s ides  by d z  and integrat ing f r o m  0 t o  1 and r e -  
a r r ang ing ,  a r e c u r r e n c e  formulae  fo r  a n ' s  is  obtained by equating 
coefficients of l ike powers of r2n as  follows: 
Note that the P rand t l  number  dropped because  the left hand s ide  
of equation (17) vanishes .  
S imi l a r ly ,  f r o m  equations (12) through (14),  
2 .2ntl 
4 4 4 n t l  
u - -  a t  Z  - - [ z 6 - - z  7 5  2 t 4 z  4 - - z  3 2 j[T anr2n 2 anr2n+2] 
n=O n=O 
2m-2 -2 (mt 1)2 - l a  - (r E) = 4 ( 5  - y z2 t l)[c m b m r  co 2 
r ar 
m=O m= 0 
m 
i 2  - - - -  a' a2t z2 - i 2  a  ( 2 z - 1 ) [ 2  b,r2m -C bmrZmt2] 
m=O m=O 
By substi tutions of the above four equations into the energy  
equation (9)  and multiplying both s ides  by dz  and integrating f r o m  0 to 1 ,  
a r e c u r r e n c e  formula  f o r  bm's i s  obtained by equating coefficients of 
l ike powers  of r2n as  follows: 
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a, 
-1 .  0 5 9 6 [ z o 2  r2nt1 -1" n t 2  r 2 n t l [ z o  mbmr 2m- 1 




t o .  1405[2 anr2n 2 a n r 2 n t j  [ bmrZm -1 b m r 2 m t j  
n=O n=O m=O m=O 
3 bmr2m-2 -1 (m+l)2bmr2m] 
m=O m=O 
or ,  
r2mt2n -r 8 Tn anbmr 2mt 2 n t  2 
2mt2nt2 2mt2nt4 2 m-tl n t 2
- 1 .  0 5 9 6 [ 2  n t l  anbm n t 2  
n=O m=O n=O m= 
1 anbmr n t l  n=O m=O n=O m=O 
a, a, 
t o .  1 4 0 5 [ r  2 a n b m r 2 m t 2 n - C  anbmr 2mt 2nt  2 
n=O m=O n=O m=O 
1 m a ,  -2 2 anbmr 2 m t ~ n t 2  1 anbmr2mt2nt4 n=O m=O n=O m=O 
2ml - m 2 bmr 2m-2  - 2 (mt1)2bmr 3 m=O m= 0 - 
All exponents of r ' s  may be changed into r2m,  the above equation 
becomes, 
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m- 1 
-0. 1405 ] anbm-2 - C [1.0596(m-n-1 t  1 t =) n t l  t .281] anbm-n-1 
n=O 
m - 2  tC [I. 0596 -0. 1,051 anbm-n-2}r2- 
n=O 
T h e  ref o r  e ,  
m - 1  -c [l. 0596 ( m-n- l  n t 2  t ") n t  1 + .281] anbm-n-  1 
n=O 
m-2 ,  1 
Determination of all Arb i t r a ry  Coefficients a n ' s  and bm's:  
F r o m  the r ecu r rence  formulae as given by equations (18) and (19) ,  all 




Where  bo is determined by the Rayleigh number  Ra -, as  given by 
equation (16). 
finding the root of the equation. 
root finding can be  achieved easi ly  by the use of high-speed digital 
computer .  
language and per formed by Burrough's  B5500 digi ta l  computer .  
puter  p rogram is attached in Appendix A. 
Values of a0 may be obtained f r o m  the equation (15) by 
All calculations of a n ' s ,  b m ' s ,  and 
In th i s  repor t  all calculations a re  programmed in Algol 
A com-  
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V. DISCUSSION O F  RESULTS 
Coefficients a n ' s  and bm's:  All  calculations w e r e  based  on a 
a 
geometry  rat io  of - = 1 and 4. 
I 
stepping 10 until 55. 
resu l t  of root finding by computer,  a r e  tabulated in  Table  1. 
a 
roots  o r  a o ' s  fo r  the c a s e  of - = 1 a r e  obtained while only one root for 
I 
the c a s e  of - = 4 is obtained. 
f iner  increments  of t r i ed  sols, but th i s  involves m o r e  computer  t ime .  
Values of bo w e r e  chosen f r o m  5 
Values of a. corresponding to var ious bo, as a 
T h r e e  
a 
a Other  roots  m a y  be  obtained by fur ther  
Table  1. Values of ao's 
1 1 1 4 
5 15 25 55 
4 . 7 7  14. 84 25. 16 23. 86 
The f i r s t  ten values of an's  and bm's  corresponding to var ious 
a values  of bo, a r e  tabulated in Table 2 .  F o r  the c a s e  of - = 1, actually a 
20 t e r m s  of a n ' s  and bm's a r e  calculated.  F o r  the case  of - = 4, only 
ten t e r m s  a r e  calculated.  
a 
a 
F r o m  Table 2 i t  is obvious that f o r  bo ranging f r o m  5 to 55, a l l  
coefficients an's  and b m ' s  tend to converge to a constant value; thus,  
a n ' s  and bm's  higher than a, and b, m a y  be a s s u m e d  to be a, and b,. 
F o r  bo l a r g e r  than 55, a l a rge r  number of summation t e r m s  has  to be 
considered to converge to  a constant coefficient.  
computer  t ime.  
This  involves a longer 
In the root finding process  of a. in  o r d e r  to s a t i s f y  the equation 
(15) values of a o ' s  s tar t ing f rom 0 s tep 1 until 200 a r e  t r i ed .  .When the 
total  summation is close to  the allowable value which i s  0 .01,  the in- 
c r e m e n t  1 is  fur ther  subdivided into 64 equal divisions until f inally 
the summation is - < . 01. 









a 6  
a7 
a8 
a 9  
Table 2 .  First Ten Values of a ‘ s  and b m t s  n 
1 
5 
4.  76 
- 2.57  
- 6 . 3 4  
- 7.  18 
- 7.12  
- 7.07  
- 7.05  
- 7 .04  
- 7 .04  




- 6 . 2 5  
-21 .55  
-23. 86 
- 2 2 . 8 9  
-22 .34  
-22 .12  
-22.03 





- 9.31  
-42.06 
-41 .35  
-37 .91  
-36 .01  
-35.49 
-35.22 






-38 .49  
-65.27 
-75 .59  
- 7 4 .  13 
-71 .75  
-70 .31  
-69 .  50 
-69 .  14 
Dimens ionless  Velocity and  Tempera tu re :  Once all coefficients 
an’s  and  bm’s a r e  de te rmined  f o r  bo ranging from 5 to 55, the dimen- 
s ion le s s  velocity and t empera tu re  f o r  the case that the coefficients an’s 
converge  before  a9 m a y  b e  wri t ten as  follows: 
r CD 
\n= 0 n=10 
But  the last term of equation (20) is a series of geomet r i c  
p r o  g r e s s ion, name1 y, 
n= 10 
2n 
f o r  r < 1, a s  n -+ 00, r = 0 
20 r r2n = - 
2 o r  2 1 - r  
n= 10 
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Equation (20) becomes  
Similar ly ,  
2 m  2 Z t = t  (3 - - 7 t 1) [(1 - r2) bm r t b, rzo 
m=O 
where  values of a n t s  and bm's  a r e  given in  Table  2 .  
slow converging coefficients an 's  and bm's ,  m o r e  t e r m s  a r e  to be  con- 
s i d e r e d .  
F o r  the c a s e  of 
Sample velocity and tempera ture  profiles a r e  plotted by a 
calcomp digital plotter and a r e  shown in  F igu res  1 through 12 of 
Appendix B.  The plotter u ses  a magnetic tape which is p repa red  by 
a computer  p rogram tha t  is included in  the computer p rogram of all 
calculations as shown in  Appendix A .  
B a r e  f o r  - = 1, and bo = 5, 15, and 25, o r  B(0) = 5, 15, and 25, 
respect ively,  while F igu res  10 through 12 a r e  f o r  - = 4 and bo = 55. 
Actual values of the dimensionless velocit ies u/ao o r  U/A(O), v/ao o r  
V/A(O), and the dimensionless t empera tu re  t/bo o r  T/B(O) should b e  
multiplied by the scale factor  as shown in each f igure .  





It is interest ing to see  that f o r  higher Rayleigh numbers  o r  
higher  bo, the slope of the tempera ture  c lose to  the s ide wall i s  l e s s  
s teep  than tha t  f o r  lower  Rayleigh numbers  as evidenced by the com- 
par i son  of F igu res  3, 6 ,  9 and 12 of Appendix B .  The pat terns  of 
velocit ies f o r  s a m e  - does not show any fluctuations fo r  bo = 5, 15 
and 25. 
a 
l a r g e r  fluctuation than those of lower Rayleigh numbers  for  - = 1 as  
Q 





However, f o r  - = 4 the velocity pat terns  fo r  bo = 55 have 
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VI. CONCLUSION 
More  exact power s e r i e s  solutions a r e  obtained fo r  evaluating 
the velocity and t e m p e r a t u r e  distributions f o r  na tura l  convection flow 
in an end-closed cylindrical  vessel  par t ia l ly  filled with liquid. 
a computer  p r o g r a m  is writ ten,  laborious calculations m a y  be  p e r -  
fo rmed  by a high-speed digital computer .  The  power s e r i e s  solutions 
can be applied to problems with var ious different boundary conditions. 
Once 
The  Rayleigh number s e e m s  to be the only important  p a r a m e t e r  
in  this  study, as it should be  in m o s t  na tura l  convection study. 
geometry  factor  definitely en ters  into the picture .  
The 
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B E G I N  
F I L E  I N  C A R D ( 2 r l O ) I  
F I L E  OUT L I N E  4(2r15)1 
EORMAT I N  F M L  Ll!4~f12c4rFL2rb)r  
F M I l  ( 3 ( F 1 2 * 4 , X 4 ) ) 1  
F OR HAT 
FORMAT OtJT FMO ( X 3 O r " C O N V C C T I O N  FLOWS I N  CLOSED-END C Y L I N D E R S " /  
€ MI C 118611 
XIDL!!C~.Y LC H l A  MI" 11 ) I 
FMU3 ( l O ( X 4 r "  A [ I l " r X 4 ) ) r  
F M 0 4  ( l O ( F 1 2 * ' 1  ) / I #  
EMOLLL(L(X3I_"_SB I I 1"I X 4 )  1 r 
F M 0 6  (lO(F12.4 ) / I #  
FMO7 ( 1 0 ( X 3 r w S A A I I l w r X 3 ) ) r  
EHIl& L l Q W . - _ ) /  14 
F M U l l  ( l O ( X 3 r "  B I I l " r X 3 ) ) r  
F M O l Z  (10(F12.4)/)1 
PROCEnURE D A T E L I N E  (PROGRAM); 
VALUE PtIOGRAMI 
A L P H A  PROGRAM1 
B E G I N  UIlN ROOLFAN USED; 
FORMAT H D ( A 4 r I J r " r  " r ~ 4 r X ~ r " T I M E 1 " r I 5 r X l O r ~ O ~ T P U T  FROM PROGRAM "r 
A 6 a 1 L I Q ~ W l l N L E R S I I Y  I1F DENYER COMPUTING CENTER" / / / I ,  
L A Y T  ( 1  / " E A E C U T I O N  T I M E  ="r 15r  X 0 3 r  "I/O T I M E  8"r I 5 r  
" SECONDS " r A U r I 3 r " r  "r A 4 r  X03r " T I M E 8 " r  I7 I / / I 1  
L A B E L  G O T I T ;  
USED + USm.AN!4RU&f3AM . E18 8 6 1  = O J  ALPHA Mor M I N S r  F E 8 r  H R S r  Y H r  DAY; 
DAY + T I M E  (0); 
Y R  + DAY I18 t 121 + " l P O O " 1  
FER + I F  Y R  ( 4 2  1 6 1  HOD 4 = 0 THEN "(FER," E L S E  RLIFEB.wI 
D A Y  + R A Y  L L42.8 6 1  + 10 X D4Y n 1 3 6  8 6 1  + 100 X D A Y  n 130  t 61; 
FOR M O  + " + J A N e " r  FER0 "+MAH*" r  " < A P R s " r  "+ M A Y " *  " < J U N E " r  "+JULY"  
"+AUGL"r  "SbW'"* " + D C T ~ " r  " e N O V * " 0  "+DECn"  00 
BEGIN I F  O A Y  d MO C l 6  : 061 THEN GO TO G O T I T I  
ENQl 
G O T I T 8  M I N S  + T I M E  ( 1 )  / 3 6 0 0 1  
H R S  + 100 X ( M I N S  U I V  6 0 )  + M I N S  M O D  6 0 1  
I F  [)SED T H E N  W R I T E . ( L I N T r  LICY'lt T I M E  ( 2 )  / 6 0 s  T I M E  ( 3 )  / 60r M O P  
D A Y #  Y R r  H R S )  E L S E  WRITE ( L I N E ,  H ~ ~ M O I D A Y ~ Y R I H R S I P R O G R A M ) ;  
USEU + T R U E 1  
DAY + DAY M O  I18 t 611 
END R F  D A T E L I N E 1  
PROCEDURE DRAWGRAPHl C r N 3 r N 4 r  N r  N A M E r B  1 3  ARRAY C I * 8  * r *  3 f 
AIP-H A AHR A Y - N  AME I * r * I 1 I N T E G F  R N r N 3 r N 4  0 R i 
B E G I N  
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L l  I 
PLOT(2r5r03)1 
L Y N E  ( X r Y r 8611 1 1 
x113 t Y C l l  c Y123 + 0 1  X I21  + 5951 
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L2 1 
D A S H L I N E ( X I Y ~ ? D ~ ) I  
PX + 71 P X l  + O J  P X 2  + 0.551 
PY +--5.! P Y L  + ' 2 e 8 1  P Y Z  + 0.761 P Y 3  + - 3 r 6 i  P Y 4  + 3.9; 
S i  + 3 0 8  / WAX21 5 2  + - 3 . 8  / M I N I  
N 2  + 6 ;  
I f  Sl < 5 2  T H E N  S2 + S i 1  
S I  5 .5  / Y A X l i  
FOR I + 0 S T E P  1 U N T I L  7 DO N l C I I  + N A M E C N r I J I  
FOR I + 0 S T E P  1 U N T I L  10 DO B E G I N  
S Y M B O L f ' 0 ~ 3 6 ~ P Y 1 ~ 0 o 1 4 ~ N 1 ~ 9 0 ~ 4 6 ) 1  
N l t O l  + N A M E t Y Z r I l l  P + P Y 2  X I + P Y 3 1  
SY MBOLf-0. 1) P l  O c  l r  N 1 ~ 9 O l 6  1 1  E N D 1  
FOR I + 0 S T E P  1 U N T I L  7 D O  N l C I I  + N A M E C 4 r I I J  
FOR I + 0 S T E P  1 U N T I L  10 D O  B E G I N  
N l [ O l  + N A M E C T r I I I  P + P X 2  X I J  
S Y M B O L ( P X l r P Y 3 ~ 0 . 5 r 0 . 1 4 r N l ~ O ~ 4 6 ) 1  
S Y M B O L ( P ~ P Y 3 ~ 0 1 2 r 0 . 1 r N l ~ 0 ~ 6 ) i  E N D 1  
F I L L  N I L * ]  W I T H  " S C A " r " L E  f A C " r " T 0 R  3"; 
C O N V E R T ( S 2 r 2 r A l r A 2 ) J  
NIL31 f A l i  N1141 + A 2 1  
CONVERT ( B r  O r  A 1  r A 2 ) 1  
f I L L  NlI*J WITH " B " , " C O l  VA","LUE ="1 
S Y M ~ O L ~ O ~ P Y 4 + 0 ~ % ~ O e l 4 ~ N l ~ O ~ 2 7 ~ 1  
h l C 3 1  + A l J  N I C 4 1  + A21 
FOR I + 1 S T E P  1 U N T I L  N 3  D O  
F i l l 0 1  + NAMECBr 1911i 
FOR J + 1 S T E P  1 U N T I L  N 4  D O  
X L J I  + . C L I r J r l J  X S l i  
Y t J l  + C L I r J r 2 1  X 521  
Y A M E L I N € (  I r  Yr N 4 r  1 r N  l r  6 r F A L S E ) i  
P L O T ( P X r P Y r - 3 ) J  
S Y M B O L C O ~ ~ ~ P Y ~ J  O e l O r  N l r O #  27 11 
B E G I N  
B E G I N  
E N D 1  
E N D 1  
END OF DSAWGHAPH1 
PROCEDURE U V A L U E ( A ~ R I N A M E ) J  ARRAY A * R C * l J  ALPHA ARRAY N A M E t * r * l J  
9 E G I N  
R E A L  21 Z F A C T U R r  R r  S U M r H V A L U E i  
I N T E G E R  1 1  J D K D  N J  
ARRAY C I O  $ 5 ~ 0  I 2 6 r  0 I 2 1  i
R V A L U E  + R L O l J  
2 e 0 1  N e 9 1  
FOR I + 1 STEP i UNTIL 5 D o  
B E G I V  
Z + Z + 0.21  R + - 0 m l J  
Z f A C T O R  + '1 X ( Z * 4  -5 /2XZ*3  + 3/2XZ*2)1  
FOR J + 1 S T E P  1 U N T I L  26 DO 
H + If < 0.5 THEN R + 0.1 ELSE R + 0 1 0 2 5 1  SUM + O J  
F O H  K + 0 S T E P  1 U N T I L  N DO 
B E G I N  
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SUM c SUM t ( A C K I  x ( R * ( Z X I O  - Q * ( 2 x K + 3 ) ) / A C O l ) f  
C [ I , J I l I  + R f  
C C I c J , 2 J  + ZFACTUR X ( S U M  t ( A C N I  X R * ( 2 X N t Z ) x ( l - R * 2 ) ) /  
A [ O I l J  
E N D 1  
E N D 1  
END OF U V A L U t i  
k + 11 I t 5 1  J 26; D H A W G R A P H ( C I I ~ J ~ N , N A Y E I B V A L U E ) ~  
PRDCEDl lRE VVALUE(A,RcNAME) I  9RRAY A ~ B l + l f  ALPHA ARRAY NAMEC*,* I I  
R E G I N  
R E A L  L J Z F A C T U R I R , S U Y ~ ~ S U Y ~ ~ B V A L U ~ ~  
I N T E G L R  I r J j < e N J  
ARRAY C t 0 1 5 r 0 : 1 1 c 0 1 2 1 ~  
BVALUE t a r o i i  
Z t 01 N t P I  
FOR I c 1 S T E P  1 U N T I L  5 D O  
B E G I Y  
2 + Z t 0.21 R + ‘ O o l f  
ZFACTOR t ( 2 X Z * 3  1 5 / 4 * 2 * 2  + 3 / 2 x Z ) f  
F O R  J + 1 STEP 1 U N T I L  11 D O  
C 1 I c J 1 1 1  t R t H + O . l 1  S l J M l  + SUM2 t 01  
R E G I N  
F O R  Y t 0 S T E P  1 L I N T I L  N D O  
SUM1 c SUM1 + ( A [ K I  / ( K + l )  x R * ( 2 x K t l ) ) / A [ O I J  
S U M 2  c SUM2 + ( A t K l  / ( K t 2 1  x R * ( 2 x K + 3 ) ) / A C O I f  
H E G I N  
E N D 1  
C c I ~ J e 2 1  + ZFACTUR X ( S U H l 9 S U M 2 t ( 4 [ N I / ( N + i ) x R * ( 2 x ~ t 3 ) x  
(l-H*2)l/ACOI~I 
E N D /  
E N n f  
END OF V V A L U E J  
N t Z f  I + 5 ;  J 6 111 O H A W G H A P H ( C , I ~ J , N I W A M E ~ B V ~ L U E ) ~  
P R 0 C ED 1.l R E TVAI..UE(A,NAHE)) ARRAY A 1 * ] 1  ALPHA AHHAY N A M E C * r * I I  
R E G I N  
R E A L  
I N T E G E R  I t J , K c Y J  
ARRAY C [ O l 5 r @ : 2 6 ~ 0 r 2 1 r  
2 2 F A C 1 U R c R c S U !4 P tJ V A L U E  i 
R V A L U E  + A1011 
z e 0; N e 9 ;  
FDR 1 t 1 STEP 1 U N T I L  5 DO 
H E G I Y  
2 Z t 0021  R + ‘0.11 
ZFACTOQ + ( Z * 3 / 3  - 2 * 2 / 2  + 1) ;  
F O R  J t 1 S T E P  1 I J W T I L  2 6  Od 
J E G I Y  
H I F  H 0.5 f H E N  R t 0 0 1  E L S E  R + O e 0 3 5 1  SUM 01 
FOR K t 0 STEP 1 U N T I L  4 DO 
C C I , J I I J  + R i  
C [ I , J p 2 J  + ZFACTUR X ( S U M  t ( A [ # ]  Y R * ( 2 X N + 2 ) x ( l 1 R + 7 ) /  
SUM c S U M  t ( A C K ]  X ( H * ( 2 X K )  - R * ( ? x l + 2 ) ) / A ~ O I ) f  
A t O l 1 ) i  
E N D 1  
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E N D J  
END O f  T V A L V E I  
lu e 3; I t 51 J + 261  D H A w G H A ? H ( C , I D J I N I N A M E ~ ~ ~ V A L U E ) ~  
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A C O I + A I U I - D E L T A I J  
A I M A K + . . l I O  1 t D t L T A  I ;  
DELTA I +l)ELT A I X 1 1  e 125 i 
FND 
E L S E  T E M P + S A A [ I M A X t 1 I I  
B E G I N  
I F  A B S ( S A 4 C I M A Y + l I ) S  0.0100 T H E N  
U V A L U E ( A , H r V A M E ) J  
V V A L U E ( A , B P N A M E ) I  
TVALUECHJNAML) ;  
W R I T E  C L I N E r F M 0 3 ) I  
W R I T L  (LINErFM04rFDR I t 0  STEP 1 U N T I L  ( I Y A X t l )  DO 
W q I T t  ( L I N E r F Y n 5 ) I  
W R I T E  ( L I N E P F Y ~ J ~ ~ F O R  14-0 STEP 1 U N T I L  ( I M A X t l )  D O  
WR J TE ( L I  Y E r  FM117 ) i 
W R I T E  f L I N E r F M O S r F O R  f + O  STEP 1 U N T I L  ( I M A X t l )  D O  
CSAAC I l l ) ;  
WRITE C L 1 N E r F M n l l ) J  
W H I T E  ( L I N ~ ~ F M O ~ Z P F D R  It0 S l E P  1 U N T I L  ( I M A X t l )  DO 
C t l C I I l  IJ 
C A f I l J ) i  
ISH[ I l 1 ) J  
A I M A X + M A X A I i D E L T A I c n E L l J  
E N D I  
E N D I  
ENOJ 
E N D I  
O A T E L  I N t . ( O  1; 
END IlF P R U G H A M .  
AHCTAN IS FEGMENT NUMBER 0 0 5 0 r P H I  ADDRESS IS 0 1 7 0  
CUS IS SEGMEYT NIJMBER 0051rPHT AuDRESS Is 0146 
EXP IS SEtiMENT N l l M R t R  0 0 5 2 r P R T  AUORESS 1 s  0 1 5 4  
L N  IS SEGMENT NUYBEH 0 0 5 3 8 P H T  ADORESS IS 0 1 5 3  
S I N  IS SEGMENT Nl lMBER 0 0 5 4 r P R T  ALIDRESS Js 0 1 4 7  
SORT IS SEGMENT YUMRER 0 0 5 5 ~ P R T  ADDRESS 1 s  0 1 6 7  
OUTPUTCW) IS SEGMENT NUMBER 0 0 5 6 r P R T  ADDHESS IS 0 1 1 3  
BLOCK CONTROL IS SEGMENT NUMYEH 0 0 5 7 r P ' R T  ADDRESS IS 0 0 0 5  
I N P U T ( W )  IS SEGMENT N U M R E R  0 0 5 8 r l ' R T  A U D R E S S  IS 0 1 3 7  
X 1 0  THE I IS SEGMENT NUMBER O O S Y r P R T  AODHESS IS 0155 
GO T O  SOLVER IS SECMENT NUMBER 0 0 6 0 r P R T  ADDRESS IS 9115 
ALGOL W R I T E  IS SEGMENT NUMBER 0 0 6 l r P R T  ADDRESS IS 0014 
ALGOL HFAO IS SEGMENT NUMHER 0 0 6 2 r P R T  ADDRESS IS 0019 
ALGOL S E L E C T  IS SEGMENT NUMBER 0063,PRT ADDRESS 1 s  0 0 1 6  
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. 
8’0 9’0 a-o 2 ’0 
(O>Q/l ‘Wll tWldWll  SS3lNOISN3WIO 
0 
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Figure  4 
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6[01 VQLUE = 15.00 
0 0.3 0.2 0.3 0.q 0.5 0.6 0.7 0.8 0.9 1.0 
DIMENSIONLESS RRDIUS, R 
Figure 5 
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0-  I 8’0 9-0 +l-0 2’0 0 
(0)8/1 ‘3UllltiU3dW31 SS3lNOISN3WItl 
















SCFfLE FFtCTOR = 29,32 
BCOI VRLUE = 25.00 
0 0.1 0.2 0.3 0.q 0.5 0.6 0.7 0.8 0.9 3 
DIMENSIONLESS RFIDTUS,  R 
F i g u r e  7 
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SCRLE FRCTOR = 36.29 
0 B[OJ  VRLUE = 25.00 0 
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SCRLE FFlCTOR = 2 3 .  OLl 
BE01 VRLUE = 55,OO 
z=1 I O  
0.1 0.2 0.3 0.Y 0.5 0.6 0.7 0.8 0.9 1.0 
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SCRLE FRCTOR = 30.85 
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